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Abstract. We show that, under mild assumptions on the limiting curve, a sequence of 



(N 



simple chordal planar curves converges uniformly whenever certain Loewner driving func- 



tions converge. We extend this result to random curves. The random version applies in 
particular to random lattice paths that have chordal SLE re as a scaling limit, with k < 8 
(non-space-filling) . 

Existing SLE K convergence proofs often begin by showing that the Loewner driving func- 
CN| tions of these paths (viewed from oo) converge to Brownian motion. Unfortunately, this is 

not sufficient, and additional arguments are required to complete the proofs. We show that 
m^j driving function convergence is sufficient if it can be established for both parametrization 

directions and a generic target. 

c3 1. Introduction 

1 The Schramm-Loewner evolutions (SLE K ) are a family of conformally invariant random 
curves indexed by a single parameter k, first described by Schramm in Since this 
development, a number of discrete random paths have been shown to converge to SLE K in 
the scaling limit: in particular, uniform spanning tree boundaries and loop-erased random 
walks (SLE 8 and SLE 2 ) [8], Gaussian free field level lines and the harmonic explorer (SLE4) 
[12j[T3], and percolation cluster boundaries (SLE 6 ) [151 HI 12] • Smirnov has also announced 

^ convergence results for the Ising model spin interfaces and the corresponding FK cluster 

boundaries (SLE 3 and SLE 16 / 3 ) and has proved significant partial results in this direction 

2 BSH133. 

In each of the cases where convergence has been proved, a strong form of convergence 
has been obtained: when the random lattice paths are conformally mapped to continuous 
random paths on a fixed domain, one obtains (as the mesh size tends to zero) convergence 
in law with respect to the uniform metric du (in which two paths are close if they can be 



parametrized in such a way that they are close at all times; see Section 1.3). For random 
variables on a separable metric space, there are several equivalent ways to define convergence 
in law, also referred to as convergence in distribution or weak convergence. In Section [5] we 
will make particular use of the Skorohod-Dudley theorem [3J, which states that random 
variables converge in law to a limit if and only if there is a coupling in which they converge 
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almost surely. When speaking of random curves, we will sometimes use the phrase "uniform 
convergence" as a shorthand for "convergence in law with respect to the uniform metric." 

Most existing SLE convergence proofs have shown a weaker form of convergence first, that 
of Loewner driving function convergence, and have then used additional estimates from the 
discrete model to deduce uniform convergence [8j [12j [13]. (The arguments in [151 HH E] 
contend with these issues in a slightly different way; see also [19J for a survey.) The goal of 
this note is to provide a more general criterion for deducing uniform convergence which is 
less dependent on specific features of the model at hand. 

Specifically, we show that Loewner driving function convergence actually implies uniform 
convergence provided it can be established for both parametrization directions and with 
respect to a generic target: 

Theorem 1.1. Let D be a smooth bounded simply connected planar domain with marked 
boundary points a and b (distinct), and let (7-?) be a sequence of random simple paths in D 
traveling from a to b. For each x G D, let ip x be a conformal map from D to the unit disc 
with ip x ( x ) — 0. Let d% be the metric on x-avoiding paths for which 

^(7i,72) := |7i - T 2 \ + ||W*,tATi(7i) - WW a (72)IL , 

where W X) .(ji) ^ s ^ e ra dial Loewner driving function for ^07, and [0, Tj] is the (necessarily 
finite) interval on which this function is defined (see Section [i.3| ). Suppose that for every 
x G D the 7 J (resp. their time reversals) converge in law with respect to d% to chordal SLE K 
from a to b (resp. from b to a), where K < 8. Then the 7 J converge in law to chordal SLE K 
with respect to du- 

This theorem follows from a series of much more general results for deterministic and 



random curves that we state formally in Section 1.4 (see Corollary 1.5 a stronger result 



applies when k < 4, see Corollary 1.7). It tells us in particular that we do not need to 
know a priori that the laws of the random paths have subsequential weak limits with respect 
to the uniform metric. This kind of a priori pre-compactness has been obtained for some 
models. For example, [5j |6] gives a sufficient pre-compactness criterion based on crossing 
probability estimates and the arguments in pQ; however, these estimates require extra work 
and are non-trivial in general. The Loewner driving function convergence that we do require 
can be derived (e.g., via the recipe used in [T2J H3]) as soon as one has sufficient control of 
an approximately conformally invariant "martingale observable." Establishing and properly 
estimating these observables has been the most difficult step in the proofs obtained thus far, 
but at least we can now say that (for models with a built-in time-reversal symmetry) this 
step is sufficient. 

As a somewhat less technical motivation for our work, we note that part of the appeal of 
SLE theory is its supposed "universality" — the idea that SLE is somehow the canonical 
scaling limit of the random self-avoiding paths that appear in critical two-dimensional statis- 
tical physics. Although existing SLE convergence proofs apply only in very specific contexts, 
one can argue that the more we replace the model-specific arguments in these proofs by 
general ones, the more evidence we have for (some sort of) universality. 

In this section we will begin by reviewing the Loewner evolutions; we then define some 
useful metrics on curves and state both deterministic and random versions of our main 
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result. In Section [2] we present a series of counterexamples, showing that the hypotheses in 
the deterministic version of our convergence theorem are in fact necessary. In Section [3] we 
state some known consequences of driving function convergence, and prove some auxiliary 
lemmas. In Section [4] we prove our main result for deterministic curves, and in Section [5] we 
give the extension to random curves. Finally, in Section [6] we describe the application of our 
result to the SLE K processes for k < 8. 

Acknowledgements. The idea of our main result — in the special case of a simple limiting 
curve — emerged during the first author's collaboration with the late Oded Schramm on the 
convergence of level lines of the Gaussian free field to SLE4 and SLE^p [13]. The general 
problem was not solved at that time (p3] employs a GFF-specific topology-strengthening 
argument instead), but the seed was planted, and we continue to benefit from Schramm's 
insight and encouragement. We also thank Yuval Peres and the MSR Theory Group for 
supporting the visit to Redmond during which this work was partially completed. The 
second author thanks Amir Dembo for advice and support. We thank Jason Miller and 
Steffen Rohde for very helpful feedback on a draft of this paper. 

1.1. Loewner evolutions. Let EI be the upper half plane. We have chosen to use EI as 
our canonical domain (mapping all other paths into EI), because it is the most convenient 
domain in which to define chordal Loewner evolutions. However, we will also consider radial 
Loewner evolutions which are most conveniently defined on the unit disc D, and we will use 
the Cayley transform <p{z) := ^4 to easily go back and forth between the two domains. 
To make the completion of EI a compact metric space, we will endow EI with the metric it 
inherits from D via the map tp: namely, we will let •) denote the metric on EI given by 

d*(z,w) := \(p{z) - (fi(w)\, 

and write EI for the completion of EI with respect to (alternatively, its closure in C). The 
map if gives an isometry of EI with D. If z 6 H U R, then d*(z n ,z) — > is equivalent to 
\z n — z\ — > 0; and d*(z n) 00) — > is equivalent to \z n \ — > 00. 

We now briefly review the Loewner evolutions, beginning with the chordal version; for a 
more detailed account see [7]. Suppose 7 : [0, 1] — > EI is a continuous simple path starting 
at 7(0) = and traveling in EI, with j(t) <G EI for all t G (0, 1). For each t £ [0, 1), there is 
a unique conformal equivalence gt : EfyyfO, t] — > EI satisfying the so-called hydrodynamic 
normalization at 00, 

lim [g t (z) -z] = 0. 

z— >oo 

The quantity 

I lim z[g t {z) - z] 

is called the half-plane capacity of j[0,t] (w.r.t. 00), denoted cap oo 7[0, t]. It is real and 
(strictly) monotone increasing in t, and for clarity of exposition we will impose the technical 
condition that cap^ 7[0, t] t 00 as t •f 1. Schramm's version of Loewner's theorem states that 
if 7 is reparametrized so that cap 7[0, t] = t, then the maps gt satisfy the chordal Loewner 
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equation 

(1) M = a(*)-wv go{z) = z > 

where W t = gt(j(t)). Since j(t) is not in the domain of g t it needs to be checked that 
Wt can be defined as a limit; this is done for example in [H Lemma 4.2]. The function 
Wt is continuous in t and defined for all finite t with t < cap^ 7, and is referred to as the 
(chordal) driving function of 7. To avoid ambiguity we will write from now on t := g t , 
l>\./ :=W t . 

We now describe the radial Loewner evolution, which is more conveniently defined in the 
unit disc D. Again, suppose 7 : [0, 1] — > D is a continuous simple path starting at 7(0) = 1 
and traveling in D, with 7(2) G B\{0} for all t G (0, 1). For each t G [0, 1) we now choose g t 
to be the unique conformal map DYy[0, t] — > D with gt{0) = and g' t (0) > 0. The quantity 
\ogg' t (0) is denoted cap7[0,t]; if 7(1) = then cap7[0,t] /*■ 00 as t /*■ 1. Loewner's theorem 
states in this case that under the parametrization cap7[0, i] = t, the maps gt satisfy the 
radial Loewner equation 

( 2 ) 9t{z) = g t {z) ^ m _ g (z) = z, 

where e iWt = g t (l(t)). A gain this is continuous in t and defined for all finite t with t < cap 7, 
and we will refer to it as the (radial) driving function of 7. 

We note that it can be shown (using Schwarz reflection, see [3 §4.1]) that the Loewner 
differential equations Q and ^ extend to points on the boundary of the domain minus the 
starting point of the curve. 

We can also try to reverse the above procedure: given a continuous function Woo,t, we can 
solve (JTJ to obtain the chordal Loewner maps g^^. For each z G H, goo,t( z ) ^ s well-defined 
up to the time that it collides with Woo,*- Define the filling process by 

Koo,t = { z G EI : goo t t(z) not defined at time t} , 

and set = H\if DO t . The question then is whether there exists a curve 7 which generates 
this process, i.e., such that for some parametrization of 7, Hoo t is the unique unbounded 
component of Hf\7[0, i] for all t. We can do the same in the radial case (in the unit disc), 
where we will denote the fillings by Gt and set D t = V>\Ct- It is well known (see e.g. [7]) 
that there exist continuous driving functions which give rise to filling processes that are not 
generated by any curve, and it is trivial to construct a curve which cannot arise from a 
continuous driving function (for example, a curve that retraces itself). 

The definitions of cap, C t , D t , g t and W t (and cap^, K^t, EL^t, g^t an d W^t) above 
can be easily transferred to other (simply connected) domains via conformal mapping. In 
particular, since we are interested in curves traveling in EI, we will define a capacity in 
EI with respect to i by capj K = cap (pK. We define a filling process with respect to i 
by K itt (j) = ip~ 1 C t ((p'y), and we also write M. i>t = M\K itt . We define a driving function 
with respect to i by ^^(7) = W t ((fj), and we define a radial Loewner chain (gi t t)t for 
7 with respect to % by g^t = <p~ l o g t o ip, where (gt) is the standard radial Loewner chain 
corresponding to ^7 (i.e., (gt) solves ^ with the driving function Wi t t). Similarly, for general 
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x G H, we define cap x , i^t, HLc,t> fl'a:,*) an d W^.t for 7 via the unique automorphism ip x of EI 
with 7/^(2) = i, ip' x (x) > 0. In particular, M. Xjt is the unique component of Ef\7[0, t) (where 
cap a; 7[0,t] = t) containing x, and g x j is the unique conformal map W x j — > EI which fixes x 
and has g' xt (x) > 0. 

We can make similar definitions for the chordal case: in what follows, we will generally 
consider curves traveling in EI between —1 and 1, so we will let 

ipt'.zt-t -, ip^-.z^ — — , 

z — 1 z + 1 

so ipi is a conformal automorphism of EI taking 1 1— > 00 and — 1 1 — >■ 0, and is a conformal 
automorphism of EI taking — 1 y 00 and 1 1— > 0. (We will often use —1 and 1 as endpoints 
- instead of and 00 — because it makes the symmetry between the two parametrization 
directions slightly more apparent.) For all other x G K we let ip x denote the unique conformal 
automorphism of EI taking x t— > 00 and fixing {±1}. Through the maps tp x and using the 
chordal Loewner evolution in the upper half-plane we can define cap^,, K x<t , M. Xjt , g x ,t, and 
W x ,t f° r 7 traveling from —1 to 1 exactly as in the radial case. 



1.2. Families of curves. We regard curves as continuous, non-locally constant functions 
/ : [0, 1] — > C (with respect to d*), taken modulo time reparametrization: if fx, / 2 : [0, 1] — > 
C, we will say that the /j are the same up to reparametrization, denoted j\ ~ /2, if 
there exists a continuously increasing bijection (ft : [0, 1] — > [0, 1] such that / 2 = f± o 4>. A 
(directed) curve 7 is then defined to be an equivalence class modulo ~. It is easy to 
find examples of curves which are the same as sets but which are not equivalent under ~. 
We often abuse notation and write 7 when we mean a particular parametrization of 7; to 
indicate the latter meaning we write 7 : [0, 1] — > C. We write 7" for the time reversal of 7. 
For any two curves 771, 772 such that the terminal point of 771 is the initial point of 772, we will 
let 771 7/2 denote the concatenation of these two curves. We will also use the notation 7[0, t] to 
denote both the set 7([0,i]) and the curve 7 run up to time t; the meaning should be clear 
from context. 

Now let 7 : [0, 1] — > EI be a curve traveling between —1 and 1 (in either direction), such that 
7 does not reach its terminal point before time t = 1. We will say that 7 is continuously 
driven with respect to x if it arises from a continuous driving function with respect to 
x. (A curve 7 will be continuously driven with respect to x if its filling process K x j is 
continuously increasing; see [TJ §4.1].) We will say simply that 7 is continuously driven if 
it is continuously driven with respect to its terminal point: such a curve does not return into 
regions which are "cut off" from the terminal point by 7. If 7 is continuously driven, then 
for any x G EI which does not lie on 7, 7 can be parametrized according to cap x . up to time 
cap^, 7, i.e., up to the infimum of times t such that the point x and the terminal point of 7 no 
longer lie in the closure of the same component of EI\7[0, t}. In this case the reparametrized 
filling process of 7 corresponds to the curve 7 which is the curve 7 stopped at time cap^. 7, 
and 7 is continuously driven with respect to x. Moreover, 7 is the entire portion of 7 which is 
"harmonically visible from x," i.e., after 7 is traveled, any changes to the trajectory of 7 will 
not be detected in the Loewner driving function with respect to x. This does not necessarily 
hold if 7 is not continuously driven, and because of this property, we consider continuously 
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driven curves to be "well-behaved." Finally, we will say that a curve is bidirectionally 
continuously driven if both 7 and its time reversal 7" are continuously driven. 

We restrict our consideration to continuously driven curves traveling between —1 to 1 in 
EI (this includes curves with boundary intersections and self-intersections). It will be useful 
to fix a countable dense subset \I/ of H; we then let T R = T R (resp. T L = F^) denote the 
space of all directed, continuously driven curves traveling from —1 to 1 (resp. 1 to —1) which 
avoid We let r = {7 G T R ' : 7~ 6 T 1 } denote the space of bidirectionally continuously 
driven curves traveling from —1 to 1. 

If 7 G T R , we will let H t (7) := H M (7), K t (i) := ^(7), and so on. For iff, we will 
let t x = 7^(7) denote the infimum of times t (under the cap x parametrization) such that x 
does not lie in the closure of ^(7); i.e., r x is the first time that x is cut off from 1 by 7. If 
two curves 71,72 G T R agree for all times up to T x (li) (in which case T x {^fi) = ^(72)), we 
will say that they are equivalent viewed from x, and write 71 ~ x 72. 

We let r^ m denote the subspace of curves 7 traveling from —1 to 1 such that 7 is simple 
and boundary-avoiding. We likewise define r^ m and r sim ; clearly these three spaces are 
equivalent. For 7 G T R parametrized by cap x (or 7 G T L parametrized by cap^), we will 
say that t is a disconnecting time if 7[0,t] D 7ft, 00) is totally disconnected, i.e. has no 
non-trivial connected components. We say that 7 is time-separated if every time is a 
disconnecting time, and we let denote the subspace of curves 7 G T R which are time- 
separated. (This definition will be motivated later: see Example 2.3 and Figure [5j We 



remark that it is easy to see that space-filling curves are not time-separated, although they 
may be continuously driven.) Note the trivial inclusions r^ m e — >■ T R S c — >■ T R . We make all 
these definitions symmetrically for 7 G T L , and we let r t . s . = {7 G T R S : 7" G } denote 
the space of time-separated curves which are bidirectionally continuously driven. 

1.3. Metrics on the space of curves. In this section we introduce the distance functions 
which we will consider on the space of curves. For two compact sets A,BcC, we have the 
d„-mduced Hausdorff distance 

d?(A, B) := inf{e > : A C B {e) and B C A (t) }, 

where A^ denotes the open e-neighborhood of A with respect to the metric d*, i.e., A^ e > = 
\J aGA B e (a), where B t (a) := {z G C : d*(z, a) < e}. For example, for two curves traveling 
in a metric space, we can measure their proximity by the Hausdorff distance between their 
image sets. If T-L(M) denotes the set of all non-empty compact subsets of EI (with metric d*), 
then d^- makes "H(EI) into a compact metric space. However, most often we are interested 
in a finer notion of proximity for curves which takes into account the order in which points 
are visited. We therefore define a distance function on the space of curves by 



(3) d w (7i,7 2 ) := inf 



SUp 4 (fi O (j)(t),f 2 (t)) 
0<t<l 



where is any function in the equivalence class 7^, and the infimum is taken over all 
reparametrizations which are continuously increasing bijections of [0, 1]. It can be checked 
that du is well-defined and gives a metric on the space of curves. We will refer to du as the 
uniform metric, and to the topology it generates as the uniform topology. 
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Our goal is to deduce convergence in this uniform topology from driving function conver- 
gence. For denote by d R the distance function on T R which is defined by 

(4) ^(7i,72) := \T X - T 2 | + ||W^ ATl ( 7 i) - WWsWiL , 

where Tj := cap x 7j. (For x G EI we use the radial driving functions; for x G R we use 
the chordal versions.) Observe that 0^(71,72) = d R (ifrxlu ^72)) an d that distinct paths 
7i,72 G T R have ^(71,72) = if and only if ji ~ x 72. It follows easily that d R is a metric 
on r fi / ~ :r ; in a slight abuse of language we will say that 7 J converges to 7 with respect to 
d R in T R if d R (^f\ 7) — >■ 0, i.e. if convergence holds in r / We define similarly, for each 
x, the distance function d^ on T L . Finally, if 7 J , 7 G r R , their driving functions Wj! , W% with 
respect to the terminal point 1 are defined for all t > 0. We let d R be a metric on T R such 
that d 11 ^, 7) — >■ if and only if W/ converges uniformly to W t on bounded intervals; we 
leave it to the reader to verify that such a metric can be constructed. We define likewise d L 

on r L . 



1.4. Main result. We now describe the main results of this paper. Throughout we will 
let (7 J ) denote a sequence in r sim , as is the case in applications of interest. Our main 
deterministic result is the following: 

Theorem 1.2. Let ^ be any countable dense subset o/H and let (7 J ) be a sequence in r s i m 
such that for every we have 

lim d*tf,rf)= lim d%tf-,£ x )=0 

J— >oo J^oo 

for some fixed rf G r^ s , £ x G T^ s . Then there exists a curve 7 G T t . s . such that 7 J — > 7 
with respect to du- Moreover each ff := rf\fl,T x (rf)\ is an initial segment of '7 while each 
jzx ._ £*[o, t x (£ x )] is a concluding segment (up to the inclusion of endpoints), and 7 = 
{JxV x = Ux£ x ( U P t° the inclusion of endpoints), where {j x fj x means the minimal curve of 
which each ff is an initial segment. 

In the case that 7 is simple, d R and d% convergence for all x G ^ can be replaced by d R 
and d L convergence. 

Remark 1.3. In the theorem above, no a priori compatibility of the rj x , £ x is assumed. Note 
that according to our definitions of r^ s and Ff s , rf and £ x travel between —1 and 1, but are 
uniquely specified only up to ~ x (and thus are represented by their initial segments fj x ,£ x 
stopped at the swallowing time of x). 



Section [2] contains a list of examples which show that the hypotheses in Theorem L2 
necessary. We will exhibit the following: 

Example |2~TT}: 7 G r sim , d R (j j ,j) -)■ for all x G ^, but not d u - 
Cauchy. 

Example |2l2| : 7 G r t .„., d R (~f j ,-f) -»■ and d L (^~,^) ^ 0, but (7*) not 
d^-Cauchy. 

Example [2~3j: 7 G T, ^(7^,7) -> and 4(7^,7-) -> for all x G 
but (t 7 ) not c^-Cauchy. 
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Example 2.5 

4(y-,7 2 ~) 



71 e r fl , 7 2 e 

-> for all iG$. 



7i 



^ 72, but d^(j j ,ji) and 



Example 2.1| is a well known example (essentially the same as [7f Example 4.49]) which shows 
that even in the case that 7 is simple without boundary intersec tion s, one cannot replace 
the d x and d x convergence (for all x G 1 J r ) required in Theorem 1.2 with d x convergence 
alone. The other examples are new to this paper. Example 2.2 shows that in the first 



half of Theorem 1.2, for 7 with boundary intersections and self-intersections permitted, one 
cannot replace d£ and d% convergence (for all x G ^) with d R and d L convergence. It is 
indeed necessary to consider points x other than the two endpoints of the path. (We remark, 
however, that d x convergence to rf automatically implies d R convergence to rf whenever 
x and x' lie in the same component of W\t] x - - thus it is enough for ^ to include one 
x in each component of EI minus the Hausdorff limit of the 7 J , provided that the union 
of these components is dense.) Example 2.3| shows that, in the first half of Theorem 1.2 
one cannot replace T^ s and T^ s with T H and T L , that is, one cannot remove the time- 



in Theorem 



1.2 



separation c ond ition. Finally, Example 2.5 shows that without the time-separation condition 
it is possible for the d£ limits to be incompatible with the d% limits. This 

are 



indicates that some care will be required to show that the rf and £ x in Theorem 1.2 



compatible with one another, and that they uniquely determine 7 in the sense described. 

Readers with a fondness for puzzles may attempt to construct these examples themselves 
before reading Section [2} Readers with limited time or patience for examples may proceed 
directly to Section [3j the remainder of the paper is logically independent of Section [2] Using 
standard topological arguments, we extend Theorem |1.2 to random curves in Section [5] 

Theorem 1.4. Let (7-?) be a sequence of random curves in T sim such that for every x G ty, 
the 7 J (resp. 7 J ~ ) converge in law with respect to d R (resp. d^) to a random curve rf G Rf s 
(resp. £ x ' G r^ sy ). Then the 7 J converge in law to a random curve 7 G r ts with respect 
to du- This 7 can be coupled with the curves ff := r] x [0, t x (t] x )] and £ x := ^[0, t x (^ x )] in 
such a way that each ff is an initial segment of 7, each £f is a concluding segment, and 
7 = Uz V x = £ x U P t° inclusion of endpoints. 

In Section [6] we will see that this result applies in particular to the case that 7 is a (chordal) 
SLE K for some k < 8: 

Corollary 1.5. Let (7^) be a sequence of random curves in T S [ m such that for every 16$, 
the 7 J (resp. 7 J ~ ) converge in law with respect to d R (resp. d x ) to SLE K (for k < 8) traveling 
from —1 to 1 (resp. from 1 to — 1) in H. Then the 7 J converge in law to SLE K with respect 
to du. Furthermore, this implies that SLE K is time reversible (for this particular value of k), 
i.e., that the law of the time-reversal of an SLE K from —1 to 1 is an SLE K from 1 to —1. 

Our results indicate a general method for proving uniform convergence of discrete curves 
to SLE: if one can establish d% convergence for a sequence of random paths with respect to 
an arbitrary fixed interior point Xq, this immediately implies d x convergence with respect to 
a countable dense collection of fixed interior points x G if one also proves d XQ convergence 
(again for xq generic), then Corollary 1.5 yields the desired convergence in law with respect 



to du- It was proven in [20J that the time reversal of SLE re is again SLE K for k < 4, and the 
same is believed true for 4 < k < 8 but is not known. Nevertheless, we expect Corollary |1.5| 
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to apply in cases where the symmetry of the 7 J and 7 J_ is intrinsic to the model (examples 
include the Ising model spin interfaces, the FK cluster boundaries, the percolation interfaces, 
and the level lines of the Gaussian free field). If a discrete model did not have such a 
time-reversal symmetry — and one only had direct access to the driving functions for one 
parametrization direction (as is the case, for example, for the harmonic explorer [12J) — one 



could in principle use Theorem 1.4 to prove convergence to SLE K without first proving (or 



in the process establishing) a reversibility result: 

Corollary 1.6. Let (7 J ) be a sequence of random curves in r s j m such that for every 16$, 
the 7 J converge in law with respect to d R to SLE K (for k, < 8) traveling from — 1 to 1 in M, 
and the 7 J_ have subsequential limits in law with respect to d^ which lie in T^ s . Then the 
7 J converge in law to SLE K with respect to du- 



Finally, we use the second half of Theorem 1.2 to prove the following simplified criterion 



for convergence to SLE K when k < 4 (i.e., when the curve is a.s. in r sim ): 

Corollary 1.7. Let (7^) be a sequence of simple random curves in T. Let k < 4, and suppose 
that the 7 jf , 7 J_ converge (in d R and d L respectively) to SLE K . Then the 7 J converge in law 
to SLE K with respect to du- 

2. Counterexamples 

In the examples of this section, we consider families of curves traveling in a domain D 
between distinct boundary points a,b, where (D;a,b) is not necessarily (H; —1, 1). Clearly, 
all definitions (of spaces, metrics, etc.) in Section [I] can be made analogously for these 
families via a conformal mapping D — > H taking a 1— > — 1 and b 1— > 1. We continue to use 
the notation introduced above to refer to these newly defined objects. 

Example 2.1. We consider curves traveling between and 00 in EI. For n G N, let z n = 
(— l) n +in, and let w n = in/2. We will let 7 denote the curve which is a linear interpolation 
of the points 

0,z 1 ,w 1 ,z 2 ,w 2 , .... 

See Figure [TJ Since z n — > 00 and w n — > 00, we see that 7 is indeed a continuous simple curve 
from to 00. We then let 7 J = 2~ J 7: it is easy to see that as e — > 0, the rescaled curves 7 J 
converge, both with respect to d^ and with respect to d% for any x e EI off the imaginary 
axis, to the simple path that traces the imaginary axis. However, it is clear that the 7 J have 
no dy limit. □ 

Example 2.2. We consider curves traveling chordally in D between —1 and 1. Let t]i : 

[0, 1] C (1 < i < 3) be defined by 



V2(t) 

Vs{t) 



-1 + (1 +i)t, 

i - 2it, 

-i + (l + i)t, 



and let 7 = (Figure 2c); note that 7 G r t . s .. We can easily find a sequence (7^) in 



r sim converging uniformly to 7 (Figure 2a). We can likewise find a sequence (72) in T sil 
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Figure 1. Ex. 2.1 Beginning of curve 7 



converging uniformly to 7 := V2V3 (Figure 2b). But both the 7^ and the 72 converge 

with respect to d R to 7, and with respect to d L to 7". Letting (7 jf ) be the sequence obtained 
by interweaving (7^) and (72), we have 



lim c? iJ (7 J, ,7) = lim d L (^ ] ,7" 



0. 



j-s>oo 



but clearly (7^) is not cZ^-Cauchy. Figure |3j illustrates essentially the same example when 
the d R and d L limiting curves are allowed to have self-intersections but not boundary inter- 
sections. □ 






(a) 7^ ->• 7 (in d u ) 



(b) t| ->■ 7 (in <f u ) 



(c) Common d R limit 



FIGURE 2. Ex. 2.2: d R limit with boundary intersections 



Example 2.3. A useful construction for us is the curve P which is formed by taking the 
straight path from to 1 and adding increasingly small, mutually disjoint loops at the dyadic 
points; these loops are traveled in the clockwise direction. To be more precise, begin with 
the straight path P from to I. For each fceN, let t k>j = 2~ k+1 j + 2~ h for < j < 2 k ~ l . 
Given P^-i, for each j define a small clockwise loop i^j which begins and ends at tj~j and 
otherwise is contained in HI; the size of the lk,j should tend to zero in k. Set Pk to be Pk-x 
with the £f. t j added, so that the time Pk-i spends on each (tkj — 2~ k ,tkj + 2~ fe ) is divided in 



STRONG PATH CONVERGENCE FROM LOEWNER DRIVING CONVERGENCE 



11 






(a) t£ 7 (in d w ) 



Figure 3. Ex. 



(b) 72 ->• 7 (in d w ) (c) Common d R limit 

limit with self-intersections 



2.2 



thirds between — 2~ k ,tk ) j), the loop and (tk,j,tk,j + 2~ fc ). Figure |4] shows the first 
few iterations of this construction. We will refer to the limiting curve P as the "dyadic loops 
curve based on [0,1];" it is clear that we can construct a dyadic loops curve based on any 
simple curve. If a curve first traces [0, 1] and then traces backwards the path of diadic loops, 
then all of the points on [0, 1] will be double points, but there will be a dense collection of 
times mapping to non-double points. 



. i . . i . » . ■ . D . ■ A/, i . D . i . U . i . . i \ / 1 . . i . U . ■ . . ■ A/. ■ . D . i . » . i . . i . 

Figure 4. Construction of dyadic loops curve 

Consider the simple curve shown in Figure [5] first it travels the left part of the curve from 
— 1 to —1 + 3i, with loops to the left and U-shaped "hooks" to the right; each "hook" is a 
path that passes below the dotted line, then returns upward to approximately the place it 
started, then approximately retraces itself. The curve then goes right to 1 + 3i and travels 
the right part of the curve from 1 + 3i to 1, with loops to the right and hooks to the left; 
again, all hooks are bent to pass below the dotted line. The hooks on the two sides are 
interlocking: thus, for the curve traveled in either direction, each successive hook is mostly 
"harmonically enclosed" within previous hooks. 

We define a sequence of curves 7 J G r sim which are versions of this curve, so the hooks 
and loops become more numerous, and the distance between the two vertical sides decreases 
to zero, as j — > oo. One then sees that for all x in a countable dense set, 7 J converges with 
respect to both and d£ to the dyadic loops curve 7 which travels clockwise around the 
boundary of the line segment between and 3i. But it is clear that the 7 J do not converge 
uniformly to 7. □ 



Before giving Example 2.5, we present here a simplified version: 



12 



S. SHEFFIELD AND N. SUN 




Figure 5. Ex. 2.3 



Example 2.4. Let (7J) be a sequence of simple curves such as the one shown in Figure 6a 
converging uniformly to the curve 7 shown in Figure 6b Write 7 := fJi^VsV^Ve where the 
numbering is as in the figure. Now define 7 := 771772774773775776, and let (7^) be a sequence of 
simple curves converging uniformly to 7. Let (7^) be the sequence obtained by interweaving 
the j{ and 7^. It can be checked that the 7 J are Cauchy with respect to d R and for 
every x G but they clearly are not du- Cauchy. In this example the 7 J do not converge 
with respect to every 1 6 $ to continuously driven curves (i.e., to limits in T R or T L ). For 
example, if x lies inside the uppermost inner loop 774, then the 7 J converge in driving function 
to the curve 771772774, which does not lie in T R . (Nevertheless, this curve can be generated by 
a continuous driving function with respect to x.) □ 



Example 2.5. We now present a modification of Example 2.4 in which all d R and d% limits 
lie in T R and T L respectively. 

The main construction we will use is the "fractal tree," the beginning iterations of which 



are shown in Figure 7a We leave it to the reader to verify that this tree can be constructed 
so that the curve which traces its boundary clockwise (i.e., traces the conformal boundary of 
the complement of the tree) has a dense set of times mapping to double points, and avoids a 
countable dense subset of HI. Moreover, if we then traverse the boundary counterclockwise 
and add small loops beginning and ending at the same prime end of the conformal boundary 



(Figure 7b), in the limit we will obtain a curve which is continuously driven in the forward 
but not the reverse direction. We will refer to the counterclockwise portion of the curve as 
the "dyadic loops curve based on the fractal tree." From now on, we will use the diagram 
in Figure [7b] to indicate this limiting curve. 

Consider now the curve 7 which is shown in Figure [8j It is the concatenation of rji 
(1 < % < 6), where: 

(1) 771 is the linear interpolation of the points —1, —1 + 3i, 3i; 

(2) 772 is the clockwise dyadic loops curve based on the upper fractal tree; 
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(a) Simple curve 7^ 

Figure 6. Ex 



2.4 



(b) du limit 7 
incompatible forward and reverse limits 







r.„?i!,.s 


roooflf oof 


v,„m„; 


...»!,.; 


Sooflfooo? 




""jk"! 








rrs 
=.== 









(a) Construction of fractal tree 

Figure 7. Ex 



2.4 



(b) Fractal tree with dyadic loops 
incompatible forward and reverse limits 



(3) 773 travels the lower fractal tree clockwise beginning and ending at 3i; 

(4) 774 travels the upper fractal tree counterclockwise beginning and ending at 3i; 

(5) r/ 5 is the counterclockwise dyadic loops curve based on the lower fractal tree. 

(6) 77e is the interpolation of the points 3i, 1 + 3i, 1; 

Let \I/ be a countable dense subset of EI avoiding 7; we leave it to the reader to verify that 
one exists. We then define 7 := 7717727747737/5776. 

We can find simple curves 7^, 72 converging uniformly to 7, 7 respectively; by interweaving 
the sequences we obtain a sequence (7 J ) which fails to converge uniformly. But we can check 
that for all 1 6 we have d^(j^ , 71) —> where 71 := 771772773775776, and ^(T 7- ) 7iT) — >" 
where 72 := 771772774775776. We have 71 G and 72 G T L , but 72 7^ 7f so the forward and 
reverse limits are incompatible. □ 

3. Driving function convergence 

In this section we present (along with a few related facts) a known implication of d% 
convergence, namely Caratheodory convergence. 
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Loflfoj 



© 




logo. 




Figure 8. Ex. 2.5 d u limit 7 



Remark 3.1. All of the results in this section continue to hold if \I/ is replaced with some 
which is the union of \I/ with a countable dense subset of IR\{ — 1, 1}, and the path spaces 
T R , T L , etc. are redefined accordingly. When i6K, the metrics d% and d R correspond to 
chordal rather than radial Loewner driving functions. 

We let r^ it denote the space of all curves which can arise as closed initial segments of curves 
in T^; we define r^ it similarly. All the definitions of Section [l] (filling processes, distance 
functions, etc.) can be made for these spaces in exactly the same way. In particular, if 7 J , 7 G 
with d R (7 J , 7) — > 0, then, under the cap,,, parametrization, we have d^{pf ] [0, t], j[0, t\) — > 
as well for any t. The distance d R is a metric on T R it / ~ x . 

Proposition 3.2. For each x 6 the spaces T R / ~ x . and T L / ~ x are separable with 
respect to the topology generated by d R and d% respectively; likewise T R / ~i and Y L / ~_i 
are separable with respect to the topology generated by d R and d L respectively. Also, T is 
separable with respect to the topology generated by du- 

Proof. For the separability of T R / ~ x it suffices to prove separability of a larger metric space: 
for metric spaces separability is equivalent to second-countability, and second-countability 
is inherited in the subspace topology. 

It is easy to see that the space of all pairs (W, T) where T > and W : [0, T] — > E is 
continuous, is separable under the metric |4]): a countable dense set can be constructed by 
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taking W continuous and linear (with rational derivative) on each of a finite set of rational- 
length intervals which partition [0,T], for T rational. Separability immediately follows for 
T R / ~ x and T L / ~ x , and it follows for Y R / ~ 1} and Y R / ~_i by a similar argument. For 
the metric du a countable dense subset of V can similarly be given using functions which are 
piecewise linear as maps into HI. □ 

3.1. Caratheodory convergence. We begin by recording some preliminary consequences 
of d R convergence for a fixed x € Extending our previous notations, if x G ^ and 7 
in T^ it or r^ it is parametrized according to cap^,, then M. Xtt = W X) t( i y) denotes the unique 
component of EI\7[0,t] containing x, and K xt = K x ^ t ( , y) = M\W x j denotes the filling with 
respect to x at time t. If T = cap 3, 7 then we will generally drop the time subscript and 
simply write M x = H x (7), K x = ^(7). We let H. x j denote the closure of W x j in EI under 
the d* metric. 

Definition 3.3. Let gi = (g J t )o<t<T, 9 — (gt)o<t<T be (radial or chordal) Loewner chains 
with respect to x, defined on EI. We say that gi converges to g in the Caratheodory 

sense with respect to x, denoted gi —> x g, if for all e > and t < T, gi — )■ g uniformly 
on 

[0, t] x 1^, where ElJJ := {z G 1 : d*(z, K Xtt ) > e}. 

In particular, this implies that g\ — > g t pointwise on M. x j for each t. Also, lmgl(z) has a 
non-zero limit as j — > 00 if and only if z G EL^. 

The following proposition relates driving function convergence to Caratheodory conver- 
gence. The result for chordal Loewner chains is proved in [7]; the proof for radial Loewner 
chains is entirely similar and we omit it here. 

Proposition 3.4. Let gi = {gl)o<t<T,g = (gt)o<t<T be Loewner chains corresponding to 
the driving functions W^,W t , all with respect to x. IfWl — > W t uniformly on [0,T], then 

a Cara 

g J — >x g- 

Corollary 3.5. Let 7 J , 7 G r^ it with T J = cap x 7- ? ; T = cap^.7, and let gi,g denote the 
Loewner chains with respect to x corresponding to 7^,7 respectively. Suppose d x {^ , 7) — > 0. 

Then (g 3 s )o< s <t — — >x {g s )o<s<t for all t < T . We also have gip. — > gx uniformly on EL/ : = 



Proof. The first statement follows directly from Proposition 3/4 For the second statement, 
fix S > 0, and note that if we replace g\g by the Loewner chains hP , h corresponding to 
the driving functions W XjtAT j, W Xtt AT respectively, then h 3 t , h t are defined for all t > (with 
ht = gt for t < T and h\ = g\ for t < T- 7 '). By Proposition 3.4, for all e > and for all 



t < 00, we will have ||/V ' — < 5 on [0,t] x M x \ for j sufficiently large. Also, by uniform 

continuity of h on [0, t] x EL^ t , we will have \h T3 (z) — hx{z)\ < 5 for all z G M. x ^ TvT:j for j 
sufficiently large. Therefore 

\g J TJ (z) - g T {z)\ = \h? Tj {z) - h T (z)\ < \h^(z) - h Tj (z)\ + \h TJ (z) - h T (z)\ < 25 
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for all z ei and j sufficiently large. The result follows by noting that for any e > 0, 
we can find e' > small enough so that C HL^ for s sufficiently close to □ 

Remark 3.6. Given a Loewner chain g = (gt)o<t<T corresponding to 7 G r^ it , for any 
s < T we can also consider the maps = (9t)o<t<T-s which satisfy g s+t = g\ og s . These 
correspond to the curve j^(t) := g s (l(s +t)) defined for < t < T — s, and it is easily seen 
that g^ is simply a Loewner chain with driving function W t := W 8 +t- Thus, if we have 
dxirf il) as in the corollary above, then also d x (^ j ' 

W >7 W) for any s < T0 

The following corollary will be useful for determining the uniform limit of a sequence of 
curves from their Caratheodory convergence. 

Corollary 3.7. Let iff, and let 7^,7 G T^ it with d x (7 J ,7) -»■ 0. T/jen; 

(oj For any e > 0, ^^(7) is a subset ofM. x {^) for sufficiently large j. 
(b) If U is a connected open subset of H wit/i x & U, and U C H x (7- 7 ) /or /aroe j ; i/ien 
C/CH X ( 7 ). 

(cj If Kj is any d^ subsequential limit of the K x {^), and Hf i/ie unique component of 
W\K^ whose closure contains x, then Elf = EL,; (7). 

Proof. Let (o Xji ) and t ) denote the Loewner chains corresponding to 7 J and 7 respectively. 
Throughout this proof we will use the notation g = g x ^ and g- 7 = g xT , where T = cap^.7 
and T- 7 = cap^. 7 J . 



(a) By Corollary 3.5, g- 7 must be defined on Ekf (7) for sufficiently large j. 

(b) Suppose for sake of contradiction that {7 fl ^(7) 7^ 0- By the conditions on U, for 
any > we can find z G BL^) such that for some S > 0, d*(z, K x {j)) < 5 and B k s(z) C £/". 
Then z G EL^- 7 ') for large j, and by Caratheodory convergence, the conformal radius of 
ELr^- 7 ) with respect to z converges to the conformal radius of ELj(7) with respect to z. But 
by the Koebe distortion theorem, the inradius of a domain with respect to an interior point is 
within a constant factor of its conformal radius: by choosing k large enough we can guarantee 
that Kxlji) will intersect Bks(z) for large j, which gives the desired contradiction. 

(b) By (a) it is clear that ELj. D ^(7). Conversely, if U is a connected open subset of ELf 
with x G U and (7 C Hj, then U C H\/C :r (7- J ) = EL^- 7 ) for large j, and so by (b) we have 
U C (7). Since ELf is a union of such [/ we find ELf C EL,; (7), hence they are equal. □ 

3.2. Hitting probabilities of Brownian motion. Informally, the above corollary says 
that d x convergence gives convergence of the "shape" of the fillings K x (p/^). To identify 
the location of the "tip" j(T) on K x (j), we next consider hitting probabilities of Brownian 
motion (i.e., harmonic measure) for segments of the (conformal) boundary of Ha- (7). 

For 7 G r^ it with T = cap^ 7, if x is not swallowed by 7 then we define the left boundary 
(with respect to x) of 7 to be the maximal (closed) clockwise segment of the conformal 
boundary of H x (7) which begins at 7(F) and whose intersection with K has empty interior; 



3.4 



lr This can be checked directly for example by similar methods as are used to prove Proposition 
2 This is a slight abuse of notation since the curves and do not necessarily start at the same 

point; however ^'^'(0) clearly converges to 7 ( - s - ) (0). 
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we define the right boundary symmetrically. If x is swallowed by 7 at some time r x < T, the 
left boundary is defined to be the set of points (more precisely, prime ends) on the conformal 
boundary of M x (j) which lie on the left boundary of j[0,t] for any t < r x . We let 04(7) 
denote the probability that a Brownian motion, started at z G HL^) and stopped upon 
hitting 7 U R, will hit the left boundary of 7. 

Proposition 3.8. Fix x G ^, and let 7 J , 7 G r^ it with d^^ 3 ,7) — > 0. Then oi z x (^ 3 ) — > 04(7). 

We begin by proving an easier result. First suppose x is not swallowed by 7. Fix a 
"reference point" P G R with P < inf (7 D R), and consider the event that the Brownian 
motion started at z G Ha, (7) will hit either the left boundary of 7 or the segment [P, inf (7 PI 
R)]. If this occurs we say that the Brownian motion hits to the left of the tip with respect 
to P, and we denote the probability of this event by 04(7, P). 

Lemma 3.9. Fix and let 7^, 7 G r^ it with d^{^ 3 \ 7) — > such that x is not swallowed 

by 7. Then, for any reference point P as above, 

o£(y,P)->a:(7,P). 

Proof. By the conformal invariance of Brownian motion we consider the problem in D, with 
x = 0, z G D, and P G <9B. Let g t , W t denote the (radial) Loewner chain and driving function 
corresponding to 7, and similarly g J t ,W 3 . We write g = and g J = g J T . for the terminal 
Loewner maps. By the conformal invariance of Brownian motion, a x (j,P) is exactly the 
probability that a Brownian motion started at g(z) and stopped upon hitting <9B will land 
on the arc going counterclockwise from g(P) to Wt- Likewise a x {pf 3 ,P) is the probability 
that a Brownian motion started at g J (z) and stopped upon hitting <9B will land on the arc 
going counterclockwise from g 3 \P) to W Tj . But W Tj —> Wt by assumption, and g J — > g 
pointwise on B>\Dt('j) by Caratheodory convergence, so the result follows. □ 



Proof (Proposition 3.8). First suppose x is not swallowed by 7. Write z = inf(7 R R) and 
z 3 Q = inf (7^ n R). We can choose P < zq to make the difference 0^(7, P) — 0^(7) arbitrarily 
small. On the other hand 0^(7-', P)— a^(7*0 is the probability that a Brownian motion start ed 
at z and stopping upon hitting 7 J U R will land on the segment [P, z J ] . By Corollary 



3.7 



we 

must have lim inf z J > P . If lim sup z 3 Q < P then clearly a z x {l^ 1 P) — <y x {^) — > 0, so the result 
follows from Lemma [3~9| Therefore suppose lim sup z^ > P, so that the curves 7 J must come 
close to z Q without touching. Then the hitting probability of [zq, z j ] must tend to zero (e.g. 
using the Beurling estimate), so Lemma 3.9 again gives the result. 

It remains to check the case x is swallowed by 7, i.e. 7^(7) < T. We again work in the 
unit disc, with x = and z G D. Suppose c = 0:0(7) an d c = lim_j a (7 J ) with [c — cj > e. 
We have lim 4 ^ TQ a (7[0, t}) = c, so for any 5 > we can choose t < r such that r — t < 5 
and |«o(7[0, t']) — c\ < 5 for all t! > t; by the above result we also have for larg e j that 
«o(7' 7 [0, t}) is within 5 of c but «o(7 J '[0, r ]) is within 5 of c. Recalling Remark 3.6, we now 
consider the systems under the maps g\: the curves ^'^(s) := g 3 t {^{t + s)) must travel in 
such a way that ao^'^ [0, s]) changes by more than e — 25 within (capacity) time To — t < 5. 
Taking 5 — > we see that this must contradict the hypothesis that 7 is the initial segment 
of a continuously driven curve. □ 
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Given 7 G r^ it , for any closed subset S of 7UM we will let p*(S; 7) denote the probability 
that Brownian motion started at z and stopped upon hitting 7 U K will be stopped on S 
(regardless of whether it stops on the left or right boundary of 7). 

Corollary 3.10. Fix x G ^ , and let 7 jf , 7 G T^ it with d^^, 7) — > 0. Lei T = cap a; 7 and 
T J = cap x 7 J . T/ien, /or any t < T , 

lim ^( 7 J [t,T^7 J )=^(7[t,T];7). 
It follows that for s <t <T, p z x {j j [s } £]; 7 J ) -»■ p£( 7 [s, t\; 7). 

Proof. The first claim follows from Remark 3.6| by applying Proposition 3J3 to the curves 
7 J "'W [0, T 3 ' — t] and 7^[0,T — £]. The second claim is an immediate consequence, since 
Vl ( 7 [s, t] ; 7) = Pi (l[s, T] ; 7) - vl ( 7 [t , T] ; 7) . " □ 

For our purposes it will suffice to consider only p%(-; •), which we will denote from now on 
by Pa;(s •)■ (Note however that when \l/ is replaced by Q or {±1} it will still be useful to 
consider p%(-] •) for general z G H x ( 7 ).) 

4. Convergence of deterministic curves 
In this section we will prove Theorem |1.2| 
4.1. Hausdorff convergence and compatibility. 

Lemma 4.1. Let 7 J ', 7 G r£ it with ( 7 J ', 7 ) -> /or a// 16$. T/ien d^( 7 J ', 7 ) ->■ 0. 
Proof. For any e > it is possible to choose finitely many points xi, . . . ,x n G \I/ su ch t hat 
Q := UiLi^B (7) contains every point z G HI with d*(z, 7 ) > e. Applying Corollary 3.7 



to each component separately shows that 7 J PI Q = for sufficiently large j, hence 7 J is 
contained in an e-neighborhood of 7 for sufficiently large j. 

For the other direction, let y G 7, and let {7 = B e (y). Then <i^(7 J , 7) — >■ for some 



x G Z7 D and so by Corollary 3.7 (b) it must be that U intersects 7 J for large j. Since 7 
is compact, it follows that it will be contained in an e-neighborhood of 7 J for large j, which 
concludes the proof. □ 

The next lemma tells us that even if we are not given a single curve to which the 7 J 
converge in all the d^ metrics, we can almost construct it from knowing the d% limits for 
each x G ^: 

Lemma 4.2. Let (7-') be a sequence in r^ it; and suppose that for each x G \P there exists 
7 X G with dxi'j-', 7 X ) — >■ 0. T/ien i/iere exists a unique half-open path r) : [0, 1) — )■ H swc/i 
i/iai eac/i 7^ := 7 X [0, ^(7^')] zs an initial segment of rj and r\ = [J x j x (up to the inclusion of 
endpoints). 

Proof. Let x\,x% be two distinct points in For % = 1,2 we let be parametrized by 
cap x , and set 

ri = mf{t>0:x^m t (^)}. 

Set a 1 = t\ A t\] this is the first time t such that either the Xi lie in different components of 
H\ 7 ai [0, i], or that they both no longer lie in EIt( 7 a:i ), the unique component of Bfyy 2 * [0, t] 
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a 1 A a 2 ; we claim that the j Xl must agree up to time 



whose closure contains 1. Then set a 

a. To see this, let t < a: by definition of a we must have HI^^) = M Xljt ( r y Xi ) 
for i = 1,2. Let U be a connected open subset of EI with U C H Xli4 (7 x ' 1 ) and xi,x% G £7. 



Then by Corollary 3.7 (a) we have for large j that [7 C EL^t^) and U C EL^t^), hence 
U xut (ji) = E. X2i t(j?). By Corollary |3j| (b) we have ?7 C I l2i |(7 a;2 ), and H^T* 1 ) is a union 
of sets of the form U which proves W Xltt { r y X1 ) C ELj^t^ 2 ), and so by symmetry they are 
equal. Since the curves are uniquely determined by their filling processes, the r ) Xl must agree 



up to time o = cr 1 = a 2 . 



It follows that one of the j Xl is an initial segment of the other: a 



for some j, 



and then the curve ^ X] must end at time a. Therefore we can let rj be the union of all for 
x G ^; if there is one 7 X of which all other ^ x are initial segments, then 77 = 7 X is a curve 
going from —1 to 1. If not, we view rj as a half-open path that does not contain its terminal 
endpoint. □ 



If rj is a half-open curve as constructed in Lemma 4.2, we will write d x ( / ~f^,r]) — )■ if 
d-xil^v') ~>* f° r some (all) 7/ e with r)'[0,T x (r)')} = ff . The following is an example 
showing that this r\ need not extend to a closed continuous curve which contains its terminal 
endpoint: 

Example 4.3. We consider curves traveling between and 00 within the closure of the 
infinite half-strip D = {\ Rez\ < l}ni, with the countable dense subset * = (QnD)\(iR). 
We will adapt the curve of Example 2.1 as follows: For n e N, let z n = (—1)™ + in as 
before, but now let w n = i(l — T 
interpolation of the points 

0,Z 1: Wx,. . . ,Zk-i,Wk-l,Zk. 



We will let rjk denote the closed curve which is a linear 



See Figures [9a] and 9b If we let rj denote the union over all rjk , then rj travels below the line 
{Imz = 1} infinitely many times, and so it does not extend to a continuous closed curve 
from to 00. Nevertheless it is easy to find a sequence (7 J ) in r sim such that d x {^\rj) — > 
for all 16$. □ 





(a) The curve 773 



(b) The curve 777 



Figure 9. Ex. 4.3: rj does not extend continuously to closed curve 
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In the next section we will describe how to use bidirectional driving convergence to obtain 
the desired continuous extension. 

4.2. Uniform convergence from bidirectional driving convergence. We begin by 
proving some useful consequences of the time-separated assumption. From now on we assume 
that (7-?) is a sequence in T^ m . Since these curves extend continuously to their endpoint, if 
we use the cap x parametrization we will write 7 J [t, oo] for the closure of 7 J [t, oo). 



Definition 4.4. Let rj be a half-open curve such as constructed by Lemma |4~2 parametrized 



by cap x . We say that a time to is non-double if yo : = v(to) is a non-double point of rj. We 
say that to is strongly non-double if in addition yo does not lie in the closure of r][t, oo) for 
any t > to- We make the symmetric definitions for £ parametrized by cap_ 1 . 

Lemma 4.5. Let (7?) be a sequence in T S i m , and suppose that for each i£$ t here exists 



7 X G rfg with o^(7 J ', 7 1 ) — > 0. T/ien the half-open curve rj constructed by Lemma 4-2 has a 
dense collection of non- double times (under the c&p l parametrization). 

Proof. For < t\ < t 2 < t 3 , we say that 2 is a (ti, t 2 , ^-double point if rj(s) = rj(s') = z for 
some s G [0, ti], s' G [^2,^3]- Let T> tl j 2 j 3 denote the set of times mapping to (ti, t 2 , t 3 )-double 
points. Then V tl; t2,t 3 is a closed subset of M> , and since ^[0,t 3 ] is time-separated, it must be 
that T^ti,t 2 ,t 3 has dense complement in IR>o: if T> f , : t 2i t 3 contained a non-trivial time interval, 
the interval would map to a non-trivial connected component of r/[0,ti] R 77^2, ^3] since 77 is 
assumed to be continuously driven (hence not locally constant). 

The set T> of all times mapping to double points can be expressed as the union of T> tl ^ 2 ,t :i 
over all rational triples < t\ < t 2 < t 3 . The countable intersection of open dense sets is 
dense by the Baire category theorem, so T> has dense complement as desired. □ 



We now assume the notation and hypotheses of Theorem 1.2 and let rj := {J x fi x and 



£ := U x £ x be the half-open curves given by Lemma 4.2 At this point we have not yet 
shown that either curve extends continuously to its terminal endpoint or that one curve is 
the time reversal of the other. However, we know that if there exists ani£$ that is not 
swallowed by 77 before its terminal time, then 77 = ff and hence rj extends continuously to 
its endpoint. We also know that M. x (i]) = M x (rj x ) = M. x (l; x ) = M. x (£) for every 1 6 $, since 
these sets are components of the complement of the Hausdorff limit of the 7 J (see Lemma 



4.1). Thus, as sets, both 77 and £ contain 



U 



an Ii0O (,,)\R, 

and both are contained in the closure of this union. 

Lemma 4.6. Let rj and £ be defined as above, parametrized by cap x and cap„ x respectively. 
Under this parametrization, each curve has a dense collection of strongly non-double times. 

Proof. Suppose for the sake of contradiction that there is a time interval [ti, t 2 ] (with t\ < t 2 ) 
in which every time fails to be a strongly non-double time for 77. By Lemma 4.5[ this time 



interval does contain a dense set of non-double times to, so it must be that each corresponding 
yo := T]{to) arises as the subsequential limit of 77(f) for large t. Therefore S := ?7[ti,t 2 ] must 
lie in the closure of rj[t, 00) for any t > t 2 . We claim that for such t, any subsequential 
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cff limit of the sets 7 J [t, oo] must contain S. Indeed, by Lemma 4.1 the limit must contain 
r)[t,oo)\r)[0,t). Since 77 is continuously driven, rj[t, oo)\r][0,t] is dense in r){t, oo). Since any 
(flf limit is closed, this proves the claim. 

It is clear that we can assume that t 2 is a non-double time. We therefore consider the 
following two cases: 

Case 1. Suppose that after time £ 2 , r\ first hits (ryfO, £2] U IR)\{77(t 2 )} at some time £3 > 
Let x 6 ^ be such that x is swallowed at this time, and such that some non-trivial connected 
subset S' of dS is contained in the boundary of U x := M x (77). (That such x exists is easy 
to see from the definition of t 3 , e.g. by a simple compactness argument.) By re-labeling we 
now suppose that the times ti (1 < i < 3) are all with respect to the cap^, parametrization. 

Now, in the reverse direction, let t\ (1 < i < 3) be defined by ^(U) = ^'(tj) (again, 
with respect to cap x ). By passing to a subsequence we may suppose that t\ converges to 
some ti for each i. B y hy pothesis, 7 J_ [0,t 3 ] converges to £[0, £3] with respect to d x for all 



16$, and by Lemma 4.1 it converges in as well, so by the first claim above £[0, £3] D S. 
Since £ is time-separated, during the time interval [t 3 , ti] it can only hit a (closed) totally 
disconnected subset of S. Therefore, we can find a point y in the interior of S' (in the 
subspace topology on 5") such that a small neighborhood V of y is not hit by £[i 3 ,ii]. We 
can then choose z & U x close enough to y such that with probability at least 1 — e (for small 
e > 0), a Brownian motion started at z and stopped upon hitting dU x will stop on VC\S', so 
that p x (£[t2, ti); £) < e. But on the other hand 5" C r][ti,t 2 }, so Pxi^ut^rj) > 1 — e. The 
contradiction follows from noting that by Corollary |3.10[ 

Case 2. Now suppose r\ never hits (77 [0, £2] UM)\{r/(t 2 )} after time t 2 , and let z be any point 
of ^ that is swallowed by rj after time t 2 , say at time t 3 . Note that 77(^2) forms a cut point 
of 77(0,^3] . Now, 77 must swallow every point of ^ eventually: if some x G ^ does not get 
swallowed then we would have t/^ = 77, but by hypothesis the r] x lie in T t s ., and hence extend 
continuously to their endpoints, while 77 does not. Consider those points i6f which lie in 
a neighborhood of the cut point 77(^2) and which have not been swallowed by time £ 2 ; since 
all of these points must eventually be swallowed (but they cannot all be swallowed at once 
since 77 never hits (77 [0, £2] U K)\ {77(^2)}), we see that the closure of 77^3, 00) must surround 
z, and thus the limits of both 7 J [t2,^3] and 7 J [t 3 ,oo], which we denote B and B', must 
surround z. B and B' are connected sets, and neither is contained in the other since 77 and £ 
are continuously driven, but by construction B will be "nested" inside B' . This contradicts 
the assumption that the 7 J_ converge with respect to df to a continuously driven curve. □ 

Note that it follows immediately that there is a dense collection of strongly non-double 
times mapping to points not in K, since for continuously driven curves the set of times 
mapping into R is closed and totally disconnected. 



Lemma 4.7. Assume the notation and hypotheses of Theorem 1.2, and let 77 := {J x fi x an d 



£ := IJx£ x ^ e ^ e half-open curves given by Lemma 1^.2, parametrized by cap x and cap_ x 
respectively. Let z Q = r](t ) be a strongly non-double point of rj with zq K. Fix t* > to, 
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and let rj{ denote the curve 7 J stopped at time £*. Let rji denote the remaining curve ^\rji. 
Then, if X is any (sub sequential) limit of the fj{, we will have Zq X . 

Proof. Since z is a strongly non-double point, we can find e > small enough so that rj does 
not enter B e (z ) after time i*. We further require B e (z ) C H. By the Beurling estimate, 
for any 5 > we may choose < e' < e small enough so that for any curve P crossing 
the annulus {e' < \z — z Q \ < e}, a Brownian motion started inside B e i(z ) has probability 
less than 5 of exiting B e (zq) without hitting P. Thus for x G B e /(zo) H \I> we will have 



oo); rj) < 5 and p x (lR; 7/) < 5, and so by Corollary 3.10 



(5) lim Pxivi'il'') < ^ an d lim p a .(R;7- J ) < 5. 

We now consider the reverse direction. Let < e" < e' and s\ = inf {t > : £(£) G B e />(zo)}, 
and note that since 7 : '~[0, s\] has limit £[0,si] not con taining zq, a fortiori we have 



7 J ~[0, si] C fjl for large j. Now, making use of Lemma 4.6 let Sq < s± be a strongly non- 
double time of £ such that i = £(so) li es m W <\ z ~ z o\ < e '}> an d let e > be small 
enough so that £ does not enter Bz{£q) after time Sx- Applying the Beurling estimate again 
we choose < e' < e small enough so that for any curve P crossing {£' < \z — z \ < i}, a. 
Brownian motion started inside B^/(£o) has probability less than S of exiting Bi{zq) without 
hitting P. Then for x G -Be(io) H ^ we have p x {£[si, < an d so by our observation 

above 

(6) lim p x {ril;"j 3 ) < lim p x .(7 J ~[si, oo]; 7 J ~) < 5. 

Combining (|5]) and gives 

lim [p x (vi;7 j )+Px(vi;i j )+p x (^,J j )] <35, 

and setting 5 < 1/3 we obtain a contradiction, since a Brownian motion started at x and 
stopped upon hitting rj U M must clearly be stopped at one of rfc, fji, or E. □ 



Corollary 4.8. Assume the notation and hypotheses of Theorem L2_ and Lemma \J^.1\ The 

paths 77, £ extend continuously to their endpoints, and rj = £~ =: 7. 

Proof. First, notice that if Z\,z 2 are strongly non-double points of 77 not in K such that 77 
hits zi before z 2 , then £ hits both these points, and will hit z 2 before z%. Indeed, writing 



ti — 7] 1 (zi), let t* G (ti,t 2 ): by Lemma 4.7, any subsequential limit X of the curves 



V 3 * = l J [t*,oo] will be a closed initial segment of £ containing r]\r)[0, i*] (hence the point z 2 ) 
but not zi. 

Suppose now that ry(t) has multiple limit points as t — > 00, i.e. that there exist sequences 
t^k (for i — 1,2) such that Zi = lim^ f](t^k) with zi 7^ ^ We may assume that all the t^k 
map to strongly non-double points of r) not in K, by the continuity of 77 and the density of 
such times. But then we claim that for any e > the curve £ must travel between B e (z\) and 
B e (z 2 ) infinitely many times before time s for some s > 0, which contradicts the continuity 
of £. Therefore 77 extends continuously to its endpoint, and it follows from the above that 
77 = £ as sets. 

It remains to show that £ = rj~ . We know that there is a dense set of times tk which 
map to strongly non-double points of 77 not in R, and that £ hits these points in reverse 
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order. Under the cap_ x parametrization of £, let T = {t : = r/(tfc) for some k}. If T is a 
dense set of times for £ then we are done, so suppose that there is an interval of time / not 
contained in T. But £(T) = r][0, oo) = £[0, oo), and so / is an interval of times mapping to 
double points, which gives the contradiction. □ 



Proof (Theorem 1.2). Let rj := [ J x rf and £ := {J x £, x be the half-open curves given by 
Lemma 4.2 Thanks to Corollary |4.8 we finally know that the (strongly) non-double points 
of rj and £ are the same, as 7 = i] = £~. Let Z\ = 7(^1), z 2 = 7(^2) be non-double points 
of 7 with ti < t 2 , and let j[z±, z 2 ] denote the portion of 7 between these two hitting points, 
viewed as a closed set. We then let ^[zi,z 2 ] denote the portion of 7 J between its nearest 
approach to Z\ and its nearest approach to z 2 (if there is a tie, we choose the earliest one, 
say). To show uniform convergence, it suffices to prove that for any such Z\ and z 2 , we have 
7 J '[^i, z 2 ] converging along subsequences in the metric to subsets of 7 [zi, z 2 \. 

Let X denote any subsequential d^ limit of the 7 J [z\ , z 2 ] , and let z Q = 7(^0) ^ R be a 
non-double point of 7 with to ^ [^1,^2]- We claim that zq ^ X: without loss of generality we 



assume to > h', then, by Lemma |4.7| applied to the reverse path 7", it suffices to show that 
for some t E (t 2 ,t ), the ^[zi,z 2 ] are stopped before time t for sufficiently large j. But if 
such a t does not exist, it means that for any t E (t 2 , t ), as j — > 00, we can find subsequences 
along which the nearest approach of 7 J to z 2 occurs after time t. But since z 2 is in the 
limit of 7 J [0, t 2 ], this shows that it will be in the d^- limit of 7 J '[t, 00] as well, which is a 



violation of Lemma |4.7| applied to the forward path 7. 
It follows that X is a connected subset of 7 contained in 

c = 7 [o, t 2 ] n 7k, 00) = 7[t x , t 2 ] u ( 7 [o, ti] n 7 [t 2 , oo)) u (7 n R). 

Since 7 is continuously driven and time-separated, 7[0,ti] fl 7[t 2 ,oo) and 7 fll are both 
totally disconnected closed sets, hence their union is as well. Any point of C not contained 
in 7[ti, t 2 ] therefore forms a trivial connected component of C, so we must have I C 7^, t 2 ], 
and the first statement of the theorem follows. 

The second statement is essentially a restatement of the remarks following the list of 



examples in Section 1.4: if 7 is a simple curve, then d R (ji, 7) — > and d L ^ ,7 ) — > 
together suffice to guarantee d% and d% convergence with respect to all 1 in a dense subset 
of 1. □ 

4.3. Alternate proof of uniform convergence. In this section we sketch an alternative 



proof of Theorem L2 that does not use the lemmas of the previous section. Instead of showing 
the existence of non-double and strongly non-double times — and considering segments of 
the path between these times — we begin by constructing a parametrization of r] and £ that 
behaves well under time-reversal. 

Suppose first that 77 is parametrized by capacity time t. For any x E observe that 
fx '■= 9xoc ° i P~ 1 i s a conformal map from the unit disc D to M x (r)) that extends continuously 
to D. Thus, for any t, 

A x (t) = Al{t) = {9E [0, 1] : f x (e 2md ) E #, t] fl H} 

is a closed subset of [0, 1]. Let s x (t) = s^.(t) be the (Lebesgue) measure of the interior of 
A x (t), divided by the measure of Az(oo). Using topological arguments, it is not hard to see 
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that this interior contains at most one interval of [0, 1] (viewed topologically as a circle, by 
identifying endpoints). Thus s x (t) is proportional to the length of this interval. Informally, 
s x (t) represents the portion (in terms of harmonic measure from x) of (9EI X (^)\]R that has 
been traced by time t. Because rj is continuous, s x (t) is a continuously increasing function 
oft. 

Now fix a map a : \P — > (0, oo) with XLe* a ( x ) = ^ an< ^ wr ite s(t) = Ylxe^b a(x)s x (t). 
We claim that s is strictly increasing function of t. This follows from the time-separation 



assumption and arguments in the proof of Lemma |4~6] which show that an open dense subset 
of d(M\r][0, t])\M. will remain on the boundary of <9(HI\r/[0, oo))\R. 

We therefore take s G [0, 1) to be our new parametrization of rj, and we can assume 
that £ is analogously parametrized by [0,1). The proof now proceeds with the following 
observations: 

(1) If P is any sequence of times then the sets 7 J [0, P] and ^[P, oo] must converge 
(subsequentially) in d^ 1 to ^[0, s] and £[0,1 — s] for some s. Indeed, using Lemma 



4.1 we already have Hausdorff convergence to some 77 [0, s] and £[0, s'], and need only 
check that s' — 1 — s. This involves checking for each x that the Hausdorff limits of 
7 5 [0, P] and 7 J '[t , ) 00] cannot contain overlapping intervals of dM. x (rj) — even though 
the union of these two limits and R includes all of dW x (j]). This is done with the 
same arguments as those used in the previous section: if the intervals overlapped, 
then either 7 J or its time reversal would fail to converge with respect to x to a 
continuously driven limit. 

(2) The curve 77 extends continuously to [0, 1]: lim^x c?^(£[0, 1 — s], {1}) = 0, but £[0, 1 — 
s] is the Hausdorff limit of 7- ? [i/, 1] (for some sequence tj), and by the above this must 
contain rj\r}[0, s), a dense subset of r][s, 1]. Since £[0, 1 — s) is closed it must contain 
r][s, 1] which gives the claim. 

(3) The above imply that rj(s) = £(1 — s) for all s G [0, 1]. 

(4) For any pair of sequences of times t{ and t\ such that 7 J [0,t{] tends to 77 [0, a] and 
7 J [t2, 1] tends to r\ [b, 1], we have Hausdorff convergence of 7 J [t{, t J 2 ] to a closed subset 
of T][0, a] fl T][b, 1], which by time-separation must be simply 77 [a, b}. 

The latter item implies convergence in du- 



5. Extension to random curves 



Now we use Proposition 3.2 and Theorem 1.2 to prove Theorem 1.4 



Proof (Theorem l.Jf.). Each 7 J can be viewed as a random variable taking values in 



x 1 



where is the Polish (complete separable metric) space defined by the completion of Y R / ~ s 
with respect to d R , and similarly T^. 

Prohorov's criterion (see e.g. [HI §0, Theorems 5.4]) states that a family n of probability 
measures on a complete separable metric space is relatively compact (in the topology of weak 
convergence) if and only if for every e there is a compact set K such that fi(K) > 1 — e for 
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all fi G II. By hypothesis the marginal laws of the 7 J on each (or r£) form a relatively 
compact family, so for each e we can find compact sets C T^, iT^ C such that 

^[P(7^^)+P(7^^)]<6. 

By Tychonoff's theorem, the product K = Yixe^i^x x ^x) * s & l so compact and has proba- 
bility at least 1 — e. Applying Prohorov's criterion again, we see that the laws of the 7 J form 
a relatively compact family of measures on 

Take a subsequence of the 7 J which converges in law (as fi^-valued random variables) 
to a random element 7 G Qy. Recall the Skorohod-Dudley theorem [4], which states that 
random variables on a complete separable metric space converge in law to a limit if and only 
if there is a coupling in which they converge almost surely. Thus we can define the 7 J of this 
subsequence on the same probability space so that 7 J — > 7 a.s. in Q^,. By the hypothesis of 
the theorem, 7 has the marginal law of rf in each T^, and of £ x in each r£, and so we can 
further couple the sequence with rf and Zf so that d^d 3 \rf) ~~ an d dx(l^i£ x ) ~^ ® a - s - 



for each 16$. Thus, applying Theorem 1.2 we have dui'y 3 ,^) — > for some random curve 



7 G T, which depends a priori on the particular subsequence. However, we have a.s. that 
for each x G ^f, rf is an initial segment of 7 while £ x is a concluding segment. The marginal 
laws of the rj x ,^ x are uniquely specified by the hypothesis of the theorem, and by taking x 
arbitrarily close to the endpoints of 7 we conclude that the law of 7 as a T-valued random 
variable is uniquely specified also. 

The above shows that every subsequence of the 7^ has a further subsequence that converges 
in law to 7 with respect to du] this of course implies that the entire sequence 7 J converges 
in law to 7 with respect to du- □ 

6. Application to SLE curves 

SLE K (k < 8) misses $ a.s. Thus, to apply our result to SLE curves, we need only show 
that the curves are a.s. time-separated: 



Lemma 6.1. Let 7 be a (random) SLE K curve traveling from —1 to 1. For k < 8, 7 G T 
a.s. 



R 
t.s. 



Proof. For k < 4 this holds trivially since SLE K is a.s. simple. It is also not hard to show 
that when k G (4,8), the path SLE K is almost surely time-separated. A much stronger set 
of results is proved for the so-called SLE K;K _ 4)K _ 4 process in [3] §3]. The set X of cut point 
times of an SLE K;K _4. K _4 curve 70 is shown to have the same law as the range of a stable 
subordinator with index 2 — k/A (and in particular is totally disconnected) ([31 Corollary 
13]), and the path 70 a.s. never revisits a cut point, so that 7 is injective on X. Given the cut 
point times, the driving function restricted to each interval of [0, oo)\X (modulo additive 
constant) is independent of the driving function (modulo additive constant) restricted to the 
other intervals (see 0, §3], Lemma 12 and Corollary 13). In other words, the increments 
corresponding to the various intervals are independent of one another. Each increment 
describes the "bead" traced by 70 in between the two cut points, and it is easy to see that 
each bead has at least a positive probability of having its left and right boundaries both be 
non-trivial; thus there will almost certainly be countably many such beads between each pair 



2(> 



S. SHEFFIELD AND N. SUN 



of cut points, and this implies that 70 (X) is a.s. totally disconnected, or equivalently, that 
the intersection of the left and right boundaries of 70 is totally disconnected. In between 
visits to R, the trace of an SLE K has a law which is absolutely continuous with that of 
SLE K;K _ 4jK _4 [Hj. From this one may deduce that if 7 is an SLE K and t is any fixed time, 
then the intersection of the left and right boundaries L t and Rt of K t is also a.s. totally 
disconnected. 

Now, 7[0, t] fl j[t, 00) must lie in L t U R t . Also, L t \R t and Rt\L t are mapped injectively 
into R by g\ t . Since the intersection of SLE K (k < 8) with R is totally disconnected a.s. (see 
e.g. [10, Theorem 6.4]), any connected component of 7(0, t] C\j[t, 00) must lie in L t nR t . But 
as we saw above this set is totally disconnected, and so we have a contradiction. □ 



Proof (Corollary 1.5). Lemma 6.1 implies that the d x an d d£ limits of the 7 J are a.s. in T[ 



and r^ s respectively, so the result follows from Theorem 



1.4 



□ 



Proof ( Corollary 1.6). Lemma 6.1 implies that the d^ limits of the 7 J are a.s. in 
hypothesis the d x subsequential limits are in r£. 



s , and by 

so the result follows from Theorem 1.4 □ 



Now that we have proved Corollary 1.6, it is worth remarking that Schramm and Wilson 
have given a complete characterization of driving functions for the forward direction of 
SLE viewed from different points, which we briefly describe in our current context: let k > 
and p G R, and consider the solution of the system 

(7) r- . .p f^ + v; 



dW t = a/k dW t + i 



p 

2 V e m * - V 



dt, dV = -V 



V t + e 



V - e iW * 



with initial condition (Wo; Vq) = (wq; Vq) G 83. The radial Loewner chain obtained from the 
driving function Wt is a radial SLE K;P in D started at (wq; t>o); vq is thought of as a "force 
point" which adds some drift to the usual SLE K driving function. The conformal image of 
this random curve under ip~ l is called a radial SLE K;P in EI started at (^ -1 (w ); <p~ 1 (vq)). 
It was shown in [H] that if 7 is a standard chordal SLE K traveling in the upper half-plane 
between two boundary points a, b, and x = x\ + 1x2 is any point in H, then x/j x j is a radial 
SLE K;K _ 6 in EI started at (w ;v ) = (ip x (a);ip x (b)), and so the driving function W X) t is given 
by the solution to ^ with p = n — 6 and initial condition (W ; V ) = (ipil> x (a); (ptp x (b)). (For 
k = 6, W xt is simply a standard Brownian motion.) 



Proof ( Corollary 
Theorem PI 



1.1). Follows from Theorem 1.2| by 



(a simplified version of) the proof of 

□ 
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